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Blaschke’s problem for timelike surfaces in
pseudo-Riemannian space forms
Peng Wang ∗†
Abstract
We show that isothermic surfaces and S-Willmore surfaces are also the solutions to the corre-
sponding Blaschke’s problem for both spacelike and timelike surfaces in pseudo-Riemannian space
forms. For timelike surfaces both Willmore and isothermic, we obtain a description by minimal
surfaces similar to the classical results of Thomsen.
Keywords: Blaschke’s problem; timelike S-Willmore surfaces; timelike isothermic surfaces; time-
like minimal surfaces
1 Introduction
Isothermic surfaces and Willmore surfaces are important objects in conformal differential geom-
etry. They are both surface classes invariant under conformal transforms. Although seemed so
distinct to each other, they may be introduced as the only non-trivial solutions to a problem in
the category of conformal differential geometry[2], i.e. the Blaschke’s problem:
Blaschke’s Problem: Let S be a sphere congruence with two envelops
f, f ′ : M2 → S3,
such that these envelops induce the same conformal structure. Characterize such sphere congru-
ences and envelop surfaces.
Blaschke posed this question and solved it in [2], namely
Theorem The non-trivial solution to the Blaschke’s problem is either a pair of isothermic
surfaces forming Darboux transform to each other, or a pair of dual Willmore surfaces with their
common mean curvature spheres. (Here non-trivial means the two envelops are not congruent up
to Mo¨bius transforms.)
In [11], Ma considered the arbitrary co-dimensional case and proved that the generalized Dar-
boux pair of isothermic surfaces as well as S-Willmore surfaces in Sn are the full non-trivial solution
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to the Blaschke’s problem. There have been some other kinds of generalization as to Blaschke’s
problem after Ma’s work, see [5].
Besides these, isothermic surfaces and Willmore surfaces have close relations with integrable
system. Isothermic surfaces allow many kinds of transform, which indicate that there is a structure
of integrable system underlying the theory about isothermic surfaces, see [3],[11]. This fact was
just revealed in the past 20 years. The transforms of Willmore surfaces are more complicated,
but they also can be interpreted by use of integrable system. Recently, there have been several
kinds of research concerning the surface theory in pseudo-Riemannian space forms from different
viewpoints, for example, see [6], [9], [18], [19]. For such surfaces therein, there is also a parallel
theory of conformal geometry. When dealing with the conformal geometry of such surfaces, it is
natural to consider the Blaschke’s problem, which is just the main content of this paper. We obtain
the similar results for both spacelike and timelike surfaces in pseudo-Riemannian space forms as
[11]. Here spacelike means the induced metric on the surface is Riemannian and timelike means
the induced metric on the surface is Lorentzian. For the spacelike case, the theorems and proofs
are the same as Ma’s results. So we omit it and just focus on the timelike case.
As we know that 2-spheres are basic invariants in the conformal geometry, timelike 2-spheres
are the corresponding notions in the pseudo-Riemannian case. Such 2-spheres comes from the
notion of curvature sphere, which are the 2-spheres tangent to the surface and have the same mean
curvature as the surface in the corresponding point. For our case, a timelike 2-sphere in R31 is just a
hyperboloid of one sheet. Just as the spacelike 2-spheres can be identified with a 4-dim Lorentzian
subspaces in some Rn+21 , timelike 2-sphere can be identified with a 4-dim (2,2)-type subspaces of
R
n+2
r+1 . For the equivalence of them, we refer to [10]. So Blaschke’s problem for timelike surfaces
can be stated as below:
Blaschke’s Problem for timelike surfaces: Let S be a timelike 2-sphere congruence with
two timelike envelops f, f ′ : M2 → Qnr , such that these timelike envelops induce the same confor-
mal structure. Characterize such sphere congruences and envelop surfaces.
Here a timelike 2-sphere congruence in Qnr is just a map into the Grassmannian manifold
G2,2(R
n+2
r+1 ) := {4-dim (2,2)-type subspaces of R
n+2
r+1}. For the notion of Q
n
r , see Section 2. Then
our main result is the following theorem:
Theorem A The non-trivial solution to the Blaschke’s problem of timelike surfaces is either
a pair of timelike isothermic surfaces forming Darboux transform to each other, or a pair of dual
timelike S-Willmore surfaces with their common mean curvature spheres.
We also give a characteristic of timelike isothermic Willmore surfaces in Q31 as follows, which
is similar to the classical results of Thomsen [16]:
Theorem B Any timelike isothermic Willmore surface in Q31 is conformally equivalent to a
timelike minimal surface in some 3-dimensional Lorentzian space form R31, S
3
1 or H
3
1 .
This paper is organized as follows. In Section 2, the pseudo-Riemannian conformal space
Qnr , the general theory about timelike surfaces in Q
n
r and the characterization of timelike Willmore
surfaces and timelike isothermic surfaces are introduced. Then we prove Theorem A, B in Section 3
and Section 4 respectively.
Remark 1.1. We note that there is a parallel and independent paper [15] on this topic, which
also cites our paper. [15] is to deal with timelike surfaces in 3-dimensional Lorenzian space forms.
Here our goal is to discuss the interest relationship of isothermic surfaces and S-Willmore surfaces
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for timelike surfaces in n-dimensional pseudo-Riemannian space forms, following the treatment for
spacelike surfaces in [4], [11].
2 Timelike surfaces in pseudo-Riemannian space forms
2.1 conformal geometry of Qn
r
Let Rms be the space R
m equipped with the quadric form
〈x, x〉 =
m−s∑
1
x2i −
m∑
m−s+1
x2i .
We denote by Cm−1s the light cone of R
m
s . The quadric
Qnr = { [x] ∈ RP
n+1 | x ∈ Cn+1r \ {0}}
is exactly the projectived light cone. The standard projection pi : Cnr \ {0} → Q
n
r is a fiber bundle
with fiber R \ {0}. It is easy to see that Qnr is equipped with a (n− r, r)−type pseudo-Riemannian
metric induced from projection Sn−r × Sr → Qnr . Here
Sn−r × Sr = {x ∈ Rn+2r+1 |
n−r+1∑
i=1
x2i =
n+2∑
i=n−r+2
x2i = 1} ⊂ C
n+1
r \ {0} (1)
endowed with a (n−r, r)−type pseudo-Riemannian metric g(Sn−r)⊕(−g(Sr)), where g(Sn−r) and
g(Sr) are standard metrics on Sn−r and Sr. So there is a conformal structure of (n− r, r)−type
pseudo-Riemannian metric [h] on Qnr . The conformal group of (Q
n
r , [h]) is exactly the orthogonal
group O(n− r + 1, r + 1)/{±1}, which keeps the inner product of Rn+2r+1 invariant and acts on Q
n
r
by
T ([x]) = [xT ], T ∈ O(n − r + 1, r + 1). (2)
For the three n-dimensional (n − r, r)−type pseudo-Riemannian space forms with constant
sectional curvature c = 0,+1,−1, they are defined by
Rnr , S
n
r := {x ∈ R
n+1
r | 〈x, x〉 = 1}, H
n
r := {x ∈ R
n+1
r+1 | 〈x, x〉 = −1}.
Each of them could be embedded as a proper subset of Qnr :
ϕ0 : R
n
r → Q
n
r , ϕ0(x) = [(
−1+〈x,x〉
2
, x, 1+〈x,x〉
2
)];
ϕ+ : S
n
r → Q
n
r , ϕ+(x) = [(x, 1)];
ϕ− : H
n
r → Q
n
r , ϕ−(x) = [(1, x)].
(3)
These maps are conformal embeddings. Thus Qnr is the proper space to study the conformal
geometry of these (n− r, r)−type pseudo-Riemannian space forms.
2.2 Basic equations of Timelike Surfaces in Qn
r
Let y :M → Qnr be a timelike surface. For any open subset U ⊂M , we call Y : U → C
n+1
r a local
lift of y if y = pi ◦ Y . Two different local lifts differ by a scaling, so the metric induced from them
are conformal to each other. Choose asymptotic coordinates (u, v) on U , such that for some lift Y
〈Yu, Yu〉 = 〈Yv, Yv〉 = 0. (4)
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Such property obversely holds for any lift, showing that asymptotic coordinates are conformal
invariant.
For such a surface there is a decomposition M × R62 = V ⊕ V
⊥, where
V := Span{Y, Yu, Yv, Yuv} (5)
is a 4-dimensional (2,2)-type subbundle independent of choice of y and (u, v). V ⊥ has a (n− r −
1, r − 1)−type metric. which might be identified with the normal bundle of y.
For a local asymptotic coordinate (u, v), there is a local lift Y such that 〈Yu, Yv〉 = ±
1
2
. We
can adjust v so that
〈Yu, Yv〉 =
1
2
.
We call Y a canonical lift with respect to (u, v). So there is a unique N ∈ Γ(V ) satisfying
〈N, Yu〉 = 〈N, Yv〉 = 〈N,N〉 = 0, 〈N, Y 〉 = −1. (6)
Given frames as above, we note that Yuu and Yvv are orthogonal to Y , Yu and Yv. So there
must be two functions s1, s2 and two section κ1, κ2 ∈ Γ(V
⊥) such that
{
Yuu = −
s1
2
Y + κ1,
Yvv = −
s2
2
Y + κ2.
(7)
These define four basic invariants κ1, κ2 and s1, and s2 dependent on (u, v). Similar to the
case in Mo¨bius geometry, κi, and si are called the conformal Hopf differential and the Schwarzian
derivative of y, respectively ( compare [4],[12]).
Let ψ ∈ Γ(V ⊥) denote a section of the normal bundle, and D the normal connection, we can
derive the structure equations as below:

Yuu = −
s1
2
Y + κ1,
Yvv = −
s2
2
Y + κ2,
Yuv = −〈κ1, κ2〉Y +
1
2
N,
Nu = −2〈κ1, κ2〉Yu − s1Yv + 2Dvκ1,
Nv = −s2Yu − 2〈κ1, κ2〉Yv + 2Duκ2,
ψu = Duψ + 2〈ψ,Dvκ1〉Y − 2〈ψ, κ1〉Yv,
ψv = Dvψ + 2〈ψ,Duκ2〉Y − 2〈ψ, κ2〉Yu.
(8)
The conformal Gauss equations, Codazzi equations, and Ricci equations as integrable conditions
are: {
1
2
s1v = 3〈κ1, Duκ2〉+ 〈Duκ1, κ2〉,
1
2
s2u = 〈κ1, Dvκ2〉+ 3〈Dvκ1, κ2〉;
(9)
DvDvκ1 +
s2
2
κ1 = DuDuκ2 +
s1
2
κ2; (10)
RDuv := DuDvψ −DvDuψ = 2〈ψ, κ1〉κ2 − 2〈ψ, κ2〉κ1. (11)
2.3 Timelike Willmore surfaces
Definition 2.1. Let y :M → Qnr be an immersed timelike surface. The Willmore functional of y
is defined as:
W (y) := 2
∫
M
〈κ1, κ2〉dudv.
y is called a Willmore surface, if it is a critical surface of the Willmore functional with respect to
any timelike variation of the map y :M → Qnr .
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It is direct to check thatW (y) is well-defined. Timelike Willmore surfaces can be characterized
as follows, which is similar to the results of spacelike case [1, 6, ?, 17].
Theorem 2.2. For a timelike surface y :M2 → Qnr , the following three conditions are equivalent:
(i) y is a timelike Willmore surface.
(ii) The conformal Gauss map
G :M → G2,2(R
n+2
r+1 ), G(p) := Vp, ∀p ∈M
of y is harmonic.
(iii) The two Hopf differential κ1, κ2 satisfy the following Willmore equation:
DvDvκ1 +
s2
2
κ1 = DuDuκ2 +
s1
2
κ2 = 0. (12)
For the proof, we prefer to [6, ?, 17]. We also note that the calculation of Euler-Lagrange
equations of Willmore functional by Wang in [17] is valid for timelike submanifolds in Lorentzian
space forms, and then leads to Theorem 2.2.
Now we define timelike S-Willmore surfaces as:
Definition 2.3. A timelike Willmore surface y : M → Qnr is called an S-Willmore surface if it
satisfies Dvκ1 ‖ κ1, Duκ2 ‖ κ2, i.e., if there exist two functions µ1, µ2 such that
Dvκ1 + µ1κ1 = Duκ2 + µ2κ2 = 0. (13)
Remark 2.4. The notion of S-Willmore comes from Ejiri’s work [8]. He considered the duality
theorem for Willmore surfaces in Sn, and found that only some special kinds of Willmore surfaces
in higher dimensional space forms allow dual surfaces. Such surfaces were named S-Willmore
surfaces. Geometrically speaking, the mean curvature sphere of a S-Willmore surface has two
envelop surfaces which are conformal to each other with opposite orientation. One is itself and the
other is just its dual surface. For the detail, we refer to [8] and [10].
2.4 Timelike isothermic surfaces
Definition 2.5. Let y : M → Qnr be a conformal timelike surface without umbilic points. It is
called (±)−isothermic if around each point of M there exists an asymptotic coordinate (u, v) and
canonical lift Y such that the Hopf differentials κ1 = ±κ2. Such a coordinate (u, v) is called an
adapted coordinate.
κ1 = ±κ2 together with the conformal Ricci equations in (11) shows that the normal bundle
of y is flat. This is an important property of isothermic surfaces, which guarantees that all shape
operators commute and the curvature lines could still be defined. Setting u = s+ t, v = s− t, the
two fundamental forms of an isothermic surface, with respect to some parallel normal frame {eα},
are of the form
I = e2ρ(ds2 − dt2), II =
∑
α
(bα1ds
2 − bα2dt
2)eα, (14)
if y is (+)−isothermic and
I = e2ρ(ds2 − dt2), II =
∑
α
(bα1(ds
2 − dt2)− bα2dsdt)eα (15)
if y is (−)−isothermic. Note that (±)−isothermic surfaces are called real and complex isothermic
surface separately in [7]. And our notions here follow [9].
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3 Proof of Theorem A
Denote y and yˆ the pair of surfaces in the Blaschke’s problem. Let (u, v) be an asymptotic
coordinate of y and Y the relevant canonical lift. Choose a lift Yˆ of yˆ such that 〈Y, Yˆ 〉 = −1.
Then the sphere congruence tangent to Y and passing Yˆ is
Span{Y, Yu, Yv, Yˆ }.
By the conditions of Theorem A, we know that (u, v) is also asymptotic coordinate of Yˆ , and
Span{Y, Yu, Yv, Yˆ } = Span{Yˆ , Yˆu, Yˆv, Y }. (16)
Assume that
Yˆ = N + 2aYu + 2bYv + (2ab+
1
2
〈ξ, ξ〉)Y + ξ, (17)
where ξ ∈ Γ(V ⊥). Differentiating shows
{
Yˆu = bYˆ + ρ1(Yu + bY ) + θ1(Yv + aY ) + η1 + (〈ξ, η1〉)Y,
Yˆv = aYˆ + θ2(Yu + bY ) + ρ2(Yv + aY ) + η2 + (〈ξ, η2〉)Y.
(18)
Here 

ρ1 = 2au − 2〈κ1, κ2〉+
1
2
〈ξ, ξ〉, ρ2 = 2bv − 2〈κ1, κ2〉+
1
2
〈ξ, ξ〉;
θ1 = 2bu − 2b
2 − s1 − 2〈ξ, κ1〉, θ2 = 2av − 2a
2 − s2 − 2〈ξ, κ2〉;
η1 = Duξ − bξ + 2Dvκ1 + 2aκ1, η2 = Dvξ − aξ + 2Duκ2 + 2bκ2.
(19)
By (16), there must be η1 = η2 = 0 and ρ1 = ρ2 = 0 or η1 = η2 = 0 and θ1 = θ2 = 0.
From η1 = η2 = 0, we obtain
Dvκ1 = −
1
2
Duξ +
b
2
ξ − aκ1, Duκ2 = −
1
2
Dvξ +
a
2
ξ − bκ2.
So
DvDvκ1+
s2
2
κ1 = Dv(−
1
2
Duξ +
b
2
ξ − aκ1) +
s2
2
κ1
= − (
θ2
2
+ 2〈ξ, κ2〉)κ1 + (
bv
2
−
ab
2
)ξ +
a
2
Duξ +
b
2
Dvξ −
1
2
DvDuξ.
And
DuDuκ2+
s1
2
κ2 = Du(−
1
2
Dvξ +
a
2
ξ − bκ2) +
s1
2
κ2
= − (
θ1
2
+ 2〈ξ, κ1〉)κ2 + (
au
2
−
ab
2
ξ +
b
2
Dvξ +
a
2
Duξ −
1
2
DuDvξ.
Plus the conformal Codazzi equation (10) and conformal Ricci equation (11), we get
au
2
ξ −
θ1
2
κ2 =
bv
2
ξ −
θ2
2
κ1. (20)
This equation works when concerning the isothermic case.
Besides this, by the conformal Gauss equation (9), we see that
θ1v = 2buv − 4bbv − s1v − 2〈ξ, κ1〉v
= ρ2u − 2bρ2 + 〈−4Duκ2 − 4bκ2 − 2Dvξ, κ1〉 − 〈ξ, 2Dvκ1 − bξ +Duξ〉
= ρ2u − 2bρ2.
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i.e.
θ1v = ρ2u − 2bρ2. (21)
Similarly we obtain
θ2u = ρ1v − 2aρ1. (22)
Now let us prove Theorem A in the following three cases.
1. The S −Willmore case: θ1 = θ2 = 0, ξ = 0
Since ξ = 0 and η1 = η2 = 0, (19) reduces to
2Dvκ1 + aκ1 = 2Duκ2 + bκ2 = 0. (23)
Together with {
DvDvκ1 +
s2
2
κ1 = θ1κ1 = 0,
DuDuκ2 +
s1
2
κ2 = θ2κ2 = 0,
(24)
we see that Y is a timelke S-Willmore surface. To verify Yˆ , direct calculation shows that
Yˆuv = (· · · )Y mod {Yˆ , Yˆu, Yˆv}, κˆ1 = ρ1κ1, κˆ2 = ρ2κ2.
So yˆ is S-Willmore by Theorem 2.2 since Yˆ shares the same asymptotic coordinate and the same
conformal Gauss map with Y . So y and yˆ are a pair of dual S-Willmore surfaces.
2. The isothermic case: ρ1 = ρ2 = 0
From the definition of ρ1 and ρ2, we see that au = bv. Substituting into (20) obtains
θ1κ2 = θ2κ1. (25)
By use of (21) and (22), we have
θ1v = θ2u = 0.
So
θ1 = θ1(u), θ2 = θ2(v).
By choosing new asymptotic coordinate (u˜, v˜) we can derive
κ˜1 = θ2κ1 = θ1κ2 = ±κ˜2, (26)
where ± corresponds to (±)−isothemic surface. Notice that we must choose the (u˜, v˜) such that
∣∣∣∣∂(u˜, v˜)∂(u, v)
∣∣∣∣ > 0
to ensure that 〈Yu˜, Yv˜〉 > 0.
To show that Yˆ is also (±)−isothemic surface as y, we can suppose that κ1 = ±κ2. So θ1 = ±θ2
and θ1v = θ2u = 0 show that θ1 = ±θ2 = θ = const. Then
Yˆu = bYˆ + θ(Yv + aY )⇒ Yv = −aY +
1
θ
(Yˆu − bYˆ ),
Yˆv = aYˆ ± θ(Yu + bY )⇒ Yu = −bY ±
1
θ
(Yˆv − aYˆ ).
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So Yˆ also satisfies the conditions of case 2, which means Yˆ is also (±)−isothemic as Y . In fact, yˆ
is the Darboux transform of θ−parameter of y and vice versa.
3. The trivial case: θ1 = θ2 = 0, ξ 6= 0
In this case, from (21) and (22), we can see that
ρ1v − 2aρ1 = ρ2u − 2bρ2 = 0.
Together with (20), we see that au = bv. So ρ1 = ρ2 = ρ 6= 0. Consider the vector
1
ρ
Yˆ − Y , we
have
(
1
ρ
Yˆ − Y )u = − b(
1
ρ
Yˆ − Y ), (
1
ρ
Yˆ − Y )v = − a(
1
ρ
Yˆ − Y ).
This means that 1
ρ
Yˆ − Y is a fixed direction, showing that this is the trivial case.
4 Proof of Theorem B
Let y : M → Q31 be a timelike (+)−isothermic Willmore surface with the adapted asymptotic
coordinate (u, v) and canonical lift Y . Then
κ1 = κ2, DvDvκ1 +
s2
2
κ1 = DuDuκ2 +
s1
2
κ2 = 0.
Assume that
κ1 = κ2 = kE,
where E is a unit section of the conformal normal bundle. If k = 0 in a neighborhood, y is
contained in some S21 and then minimal in some S
3
1 .
So we can suppose k 6= 0 in a open subset U ⊂M . Set
Yˆ = N + 2aYu + 2bYv + (2ab)Y, (27)
with
a = −
κv
κ
, b = −
κu
κ
.
From the calculation in Section 3, we can verify that Yˆ is just the dual Willmore surface of Y and
Yˆu = aYˆ + ρ(Yu + bY ), Yˆv = bYˆ + ρ(Yv + aY ),
where
ρ = au − 2k
2 = bv − 2k
2, ρu = 2bρ, ρv = 2aρ,
by use of the Willmore equations as above in Section 3.
Consider the vector field
Y0 = Yˆ − ρY.
Differentiating it leads to
Y0u = Yˆu − ρuY − ρYu = b(Yˆ − ρY ) = bY0, Y0v = Yˆv − ρvY − ρYv = aY0.
This means that Y0 is a point in Q
3
1.
(i) If 〈Y0, Y0〉 = 0, ρ ≡ 0. So [Yˆ ] reduces to a point. By some conformal transform, we can
set Yˆ = f1(1, 0, 0, 0, 1) with some function f1 and Y = e
−ω(−1+〈x,x〉
2
, x, 1+〈x,x〉
2
) for some timelike
surface x : U → R31 with 〈xu, xv〉 =
1
2
e2ω.
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The structure equations of x is:


xuu = 2ωuxu +Ωn, xvv = 2ωvxv +Ωn, xuv =
1
2
e2ωHn,
nu = −Hxu − 2Ωe
−2ωxv, nv = −2Ωe
−2ωxu −Hxv.
So
k = e−ωΩ, a = ωv −
Ωv
Ω
, b = ωu −
Ωu
Ω
,
N = eω(1 +H〈x, n〉, Hn, 1 +H〈x, n〉)− 2ωvYu − 2ωuYv + 2ωuωvY,
Yˆ = eω(1 +H〈x, n〉, Hn, 1 +H〈x, n〉) + (· · · )Yu + (· · · )Yv + (· · · )Y.
Since Yˆ = f1(1, 0, 0, 0, 1), the coefficient of n must be zero, i.e. H = 0, which means that x is a
timelike minimal surface in R31.
(ii) If 〈Y0, Y0〉 < 0, by some conformal transform, we can set Y0 = f2(0, 0, 0, 0, 1) with some
function f2 and Y = e
−ω(x, 1) for some timelike surface x : U → S31 with 〈xu, xv〉 =
1
2
e2ω. Similar
to case (i), it is direct to show that x is just a minimal surface in S31 .
(iii) If 〈Y0, Y0〉 > 0, similar treatments as above show that Y0 = f3(1, 0, 0, 0, 0) with some func-
tion f3 and Y = e
−ω(1, x) for some timelike minimal surface x : U → H31 with 〈xu, xv〉 =
1
2
e2ω.
Acknowledgement
The author would like to thank Professor Changping Wang for his direction and help. It is also a
pleasure to thank Dr. Xiang Ma for his suggestions and discussions.
Reference
[1] Alias L J, Palmer B. Conformal geometry of surfaces in Lorentzian space forms. Geometriae
Dedicata, 1996, 60: 301-315
[2] Blaschke, W. Vorlesungen u¨ber Differentialgeometrie. Vol.3. Berlin Heidelberg New York:
Springer-Verlag, , 1929
[3] Burstall F. Isothermic surfaces: conformal geometry, Clifford algebras and integrable sys-
tems. In: Terng C L ed. Integrable systems, geometry, and topology, Stud. Adv. Math., 36,
Providence, RI: Amer. Math. Soc., 2006. 1–82
[4] Burstall F, Pedit F, Pinkall U. Schwarzian derivatives and flows of surfaces. Contemporary
Mathematics 308, Providence, RI: Amer. Math. Soc., 2002. 39-61
[5] Dajczer M, Tojeiro R. Blaschkes problem for hypersurfaces. manuscripta math. 2007, 124:
1-29
[6] Deng Y J, Wang C P. Time-like Willmore surfaces in Lorentzian 3-space. Sci. in China: Series
A Math., 2006, 49, No.1: 75-85
[7] Dussan M P, Magid M A. Time-like isothermic surfaces associated to Grassmannian systems.
Doc. Math. 2005, 10: 527-549
9
[8] Ejiri N. Willmore surfaces with a duality in Sn(1). Proc. London Math.Soc. (3), 1988, 57(2):
383-416
[9] Fujioka A, Inoguchi J. Timelike Bonnet surfaces in Lorentzian space forms. Differential Geom.
Appl., 2003, Volume 18, Issue 1: 103-111
[10] Hertrich-J U. Introduction toMo¨bius Differential Geometry. Cambridge university press, 2003
[11] Ma X. Isothermic and S-Willmore surfaces as solutions to a Problem of Blascke. Results in
Math. 2005, 48: 301-309
[12] Ma X. Willmore surfaces in Sn: transforms and vanishing theorems. [Ph D Thesis]. Berlin:
Technischen Universita¨t Berlin, 2005
[13] Ma X, Wang P. Spacelike Willmore surfaces in 4-dimensional Lorentzian space forms. Sci. in
China: Ser. A, Math. 2008, Vol. 51 No. 9: 1561C1576
[14] Ma X, Wang P. Polar transform of Spacelike isothermic surfaces in 4-dimensional Lorentzian
space forms. Results in Math. 2008, 52: 347-358
[15] Magid M A. Blaschkes Problem for Timelike Surfaces. Results in Math. 2009, 56: 335-355
[16] Thomsen G. U¨ber konforme Geometrie I: Grundlagen der konformen Fla¨chentheorie. Abh.
Math. Sem. Univ. Hamburg, 1923: 31-56.
[17] Wang C P. Moebious geometry of submanifolds in Sn. manuscripta math., 1998, 96, No.4:
517-534.
[18] Zuo, D., Chen, Q., Cheng, Y., Darboux Transformations for Space-like isothermic surfaces in
R
m,1, Commun. Theor. Phys., 41(2004), 816-820.
[19] Zuo, D., Chen, Q., Cheng, Y., Gp,qm,n−system II and diagonalizable timelike immersions in
Rp,m Inverse Problems, 20, (2004), 319-329.
10
